Abstract For many years, all existing completeness results for KnuthBendix completion and ordered paramodulation required the term ordering ≻ to be well-founded, monotonic and total(izable) on ground terms. Then, it was shown that well-foundedness and the subterm property were enough for ensuring completeness of ordered paramodulation. Here we show that the subterm property is not necessary either. By using a new restricted form of rewriting, we obtain a completeness proof of ordered paramodulation for Horn clauses with equality, where wellfoundedness of the ordering suffices. Apart from the theoretical significance of this result, some potential applications motivating the interest of dropping the subterm property are given. The proof of the results included in this paper, being still technical in some parts, is pretty much shorter and easier to read than the one we have in the preliminary version of this work presented at the CADE 2002 conference [8] .
Introduction
Equations are ubiquitous in mathematics, logic, and many areas of computer science. Knuth-Bendix-like completion techniques and their extensions to ordered paramodulation for first-order clauses are among the most successful methods for automated deduction with equality [4, 17] . At the present time most, if not all, state-of-the-art theorem provers for first-order logic with equality are based on variations of the ordered paramodulation inference rule.
These completion and deduction procedures are parameterized by an ordering on terms. For many years, all known completeness results for KnuthBendix completion and ordered paramodulation required the term ordering ≻ to be well-founded, monotonic and total (or extendable to a total ordering) on ground terms [11, 2, 1, 3] . Under these strong requirements, powerful abstract redundancy notions (covering many practical redundancy elimination techniques such as tautology deletion, subsumption and demodulation) can be applied without losing completeness. However, under certain circumstances, imposing these strong properties on the ordering can be too restrictive, and hence weakening them has been a well-known research challenge. For instance, frequently it is not clear what is a good ordering for a particular problem. The following is an interesting example for that. It shows that sometimes Knuth-Bendix completion terminates only if an unusual orientation is chosen for certain equations: Example 1.
3 Consider the closure under standard Knuth-Bendix completion of the following two equations:
Between these two rules there is a single critical pair since hf g(z) can be rewritten into both f f g(z) and f gf g(z). Therefore in a Knuth-Bendix completion the equation f f g(z) ≃ f gf g(z)
should be added. If we work with a well-founded and monotonic total ordering then the equation is necessarily oriented into f gf g(z) → f f g(z)
(otherwise we will contradict either well-foundedness or monotonicity or totality on ground terms -see commentaries below-). Unfortunately, with this orientation standard Knuth-Bendix completion would generate an infinite set of rules:
f gf n g(x) → f n+1 g(x) with n ≥ 1.
However, if we take the opposite orientation, i.e., f f g(x) → f gf g(x)
the system is already closed, i.e., standard Knuth-Bendix completion would generate only this additional rule.
It is important to remark that with this orientation, i.e., with f f g(x) ≻ f gf g(x), the ordering ≻ cannot be extended to a total one, since f g(x) and gf g(x) must be incomparable in any well-founded and monotonic extension of ≻:
-if f g(x) ≻ gf g(x) then it contradicts the subterm relation and then by monotonicity we can obtain an infinite decreasing sequence f g(x) ≻ gf g(x) ≻ ggf g(x) ≻ . . . -if gf g(x) ≻ f g(x) then by monotonicity we have f gf g(x) ≻ f f g(x) leading to reflexivity and hence to the existence of an infinite decreasing sequence.
Notice that, even if we compute inferences with lefthand sides into righthand sides (in the sense of ordered paramodulation) the system would be closed after adding hf g(x) → f gf g(x) to the set. With the following well-founded ordering y log y x ≻ x x ≻ log y y x if x is not headed by log log y y x ≻ x if x is headed by log
which contradicts the subterm property, we have a goal-oriented proof by ordered paramodulation (note that some variable renaming have been applied):
x ≃ logyy Note that there is no such fully goal-oriented proof with respect to a wellfounded ordering including the subterm relation, because no paramodulation step can then be applied on the goal: for the first two equations, due to the subterm property, only the term on the left can be used and it does not unify with any subterm of the goal; for the last equation neither side overlaps with the goal.
This simple example illustrates that certain expansions of terms, which are possible only if the ordering contradicts the subterm property, can help in obtaining goal-oriented (ordered) paramodulation proofs. Observe, however, that the unusual orientation x → log y y x is only taken if x is not headed by log. Therefore, we are not suggesting that it is reasonable to have rules which always have a variable as lefthand side, but having the variable as lefthand side only for some substitutions. Roughly speaking, this approach can be seen as a kind of definition unfolding. The idea is that we can apply such kind of expansion only finitely many times since, although the ordering can contradict the subterm property, it must be well-founded.
⊓ ⊔
About the proof technique
Our proof follows the lines of Bachmair and Ganzinger's model generation proof method of [3] and its variation used in [7] for the non-monotonic case. In this method for proving completeness of ordered paramodulation calculi, a (possibly infinite) ground rewrite system is generated from a closed (or saturated, i.e., closed up to redundancy) set of clauses. This rewrite system R defines an equality Herbrand interpretation * ↔ R , that is shown to be a model of the set of clauses whenever the empty clause is not contained in it (hence the name of "model generation"). The rules in the rewrite system are oriented by the ordering ≻ that parameterizes the ordered paramodulation inference rule, and confluence and termination are crucial properties for the completeness proof. In the original proof of [3] , confluence is ensured by the fact that the rewrite system is non-overlapping, while termination is due to the fact that ≻ is a well-founded and monotonic ordering. In the variation used in [7] , confluence is also ensured by the fact that the rewrite system is non-overlapping, but termination is due to the fact the righthand sides are irreducible. In our proof, the rewrite system is neither non-overlapping nor terminating (note that rules of the form a → f (a) necessarily cause non-termination of standard rewriting).
To avoid non-termination and keep the simplicity of the original proof, we define a new restricted form of rewriting, called blocked rewriting (B-rewriting for short) which, roughly, blocks the introduced righthand side for future rewriting steps. More precisely, when a rewrite step takes place at some position p, then all positions below p -that is, p and all positions strictly below p-are marked as blocked, and further rewrite steps at blocked positions are disallowed.
In order to express these blockings we use abstracted terms, which have variables in the place of blocked subterms. Blocked subterms are stored in a substitution. More precisely, an abstracted term t · γ is a term split into two parts: the abstraction (or term) part t and the substitution part γ, such that tγ is a ground term. Variable positions in the term part t correspond to positions at which a rewrite step has taken place, while the substitution part γ stores the righthand sides that have been introduced at these positions. That is, we write t · γ t[x] p · (γ ∪ {x → r}), where x is a fresh variable, if tγ| p is l, l → r is a (ground) rewrite rule, and p is a non-variable position of t. Note that this relation is well-founded, since p is required to be a non-variable position of t and at every step the number of non-variable symbols of the term part t strictly decreases. Figure 1 Abstracted terms correspond, at ground level, to the closures defined for clauses in [5] . However, here they are used only at the completeness proof level, i.e., no blockings appear in actual equations.
As said before, for proving refutation completeness using the model generation technique, another crucial property of the generated rewrite system is confluence, which in all previous results follows trivially from the fact that, by construction, the rewrite system is non-overlapping. Unfortunately, here a nonoverlapping rewrite system cannot be built, and thus finding an appropriate rewrite system with some other properties is necessary. In fact, most of this paper is devoted to the proof of confluence of the generated rewrite system R. Once confluence is proved, we can easily show that there exists a B-rewrite proof with R for every logical consequence of the set of equations from which R has been generated. Finally, this is used to prove refutation completeness of ordered paramodulation for first-order Horn clauses with eager selection of negative literals. The following example illustrates some of these aspects:
Example 3. Consider a set of equations E containing only f (a) ≃ a and an ordering including a ≻ f (a) and f k (a) ≻ f j (a) for k ≥ 2 and k > j ≥ 0. In this ordering, we have f n (a) ≻ a ≻ f (a) with n > 1 and, thus, the minimal term is f (a).
If we close E with respect to the ordered paramodulation rule (parameterized by ≻), we obtain a set of equations of the form
which are oriented as
Then the following set R containing the two rules
although being overlapping and non-terminating for standard rewriting, gives us B-rewrite proofs for all equations in the closure. In particular, all f k (a) ≃ f j (a) can be proved by joining both sides into the same term x · {x → f (a)} (see Figure 2) . Figure 2 . B-rewrite proof from Example 3.
Being still technical in some parts, the new version of the proof included in this paper is pretty much shorter and easier to read than the one we have in the preliminary version of this work presented at the CADE 2002 conference [8] .
The paper is structured as follows. In Section 2 we provide the basic definitions. In Section 3 we introduce B-rewriting. Section 4 is devoted to the equational case. There, we present the original part of our proof technique, and we show that the limit rewrite system that defines the model gives us B-rewrite proofs for all logical consequences. In Section 5, using the results obtained for the equational case, we prove refutation completeness of (positive) ordered paramodulation with well-founded orderings for the case of Horn clauses with equality. Section 6 contains the conclusions and possible future developments.
Basic notions
We use the standard definitions and notation of [10, 17] . T (F, X ) (T (F)) is the set of (ground) terms over a set of symbols F and a denumerable set of variables X (over F).
A position in a term is a sequence of positive integers. Given a term t, the subterm of t at position p is denoted by t| p : we have t| λ = t (where λ denotes the empty sequence) and f (t 1 , . . . , t n )| i.p = t i | p if 1 ≤ i ≤ n (and is undefined if i > n). If s| p is t and t| q is u then we denote by p · q the position of u in s, i.e., s| p·q . We say that a term s (resp. a function symbol f ) occurs at position p in a term t if t| p ≡ s (resp. t| p is rooted by f ). By Var (t) we denote the set of all variables occurring in a term t. We write t ¤ s to indicate that a term s is a subterm of t, that is, s occurs in t at some position p. If p = λ, we write t £ s and we say that s is a proper subterm of t. We speak of position p as being (strictly) above q if p is a (proper) prefix of q. At the same time, we speak of q as being (strictly) below p. Note that, since a position p is a prefix of itself, p is at the same time above and below p. However, p is neither strictly above nor strictly below p.
Let t be a term f (t 1 , . . . , t n ) in T (F, X ) with n ≥ 0. Then the size of t, denoted by |t|, is defined as |t 1 | + · · ·+ |t n | + 1. Note that constants and variables have size 1 (since n = 0). The size of a term t without counting the variables is denoted by |t| v .
We write substitutions as sets of pairs of the form x → t, where x is a variable and t is a term. The domain of a substitution σ is denoted by Dom(σ), and its range is denoted by Ran(σ). We use the postfix notation tσ for the image of a term t under a substitution σ, that is, tσ denotes t with all variables replaced by terms as specified by σ. The image of an equation, rewrite rule, or formula under a substitution is defined similarly.
An equation is a multiset of terms {s, t}, denoted s ≃ t or, equivalently, t ≃ s. By Var(s ≃ t) we denote Var (s) ∪ Var (t), and by gnd (s ≃ t) we denote the set of ground instances of s ≃ t. When talking about a ground instance s ≃ t of an equation s ′ ≃ t ′ under a substitution σ, we will assume that s ′ σ ≡ s and t ′ σ ≡ t in spite of symmetry of equations. Given a set of equations E, by gnd (E) we denote the set of ground instances of all equations in E. Similar terminology applies to rewrite rules and formulae in general.
A first-order equality clause is a pair of finite multisets of equations Γ (the antecedent ) and ∆ (the succedent ), denoted by Γ → ∆. Clauses e 1 , . . . , e n → e ′ 1 , . . . , e ′ m correspond to the equivalent (quantifier free) disjunction of equations and negated equations ¬e 1 ∨ . . . ∨ ¬e n ∨ e ′ 1 ∨ . . . ∨ e ′ m . Hence, given a clause Γ → ∆, equations in Γ are called negative equations and equations in ∆ are called positive equations. We also speak of negative and positive literals, though we assume that equality is the only predicate.
If there is no restriction on the number of positive and negative literals, we speak of general clauses. A Horn clause is a clause with at most one positive literal. The empty clause P is a clause where both Γ and ∆ are empty. A positive (resp. negative) clause is a clause Γ → ∆ where Γ (resp. ∆) is empty, and a unit clause is a clause with exactly one literal.
If → is a binary relation, then ← is its inverse, ↔ is its symmetric closure, The multiset extension of an equivalence relation ∼ is defined as the smallest relation ∼ mul on multisets such that ∅ ∼ mul ∅, and
A rewrite rule is an ordered pair of terms (s, t), written s → t, and a set of rewrite rules R is a term rewrite system (TRS). The rewrite relation with R on T (F, X ), denoted by → R , is the smallest monotonic relation such that for all rules l → r in R and substitutions σ, it includes lσ → R rσ. That is, s → R t if and only if s ≡ u[lσ] p and t ≡ u[rσ] p for some context u, position p in u, rule l → r in R and substitution σ; then we say that s rewrites into t with R, and that s is reducible by R. (It is commonly assumed that lefthand sides of rules are not variables, and that all variables occurring in a righthand side also occur in the corresponding lefthand side.) A subterm s| p at which a rewrite (with R) can take place is called a (R-)redex. A redex r is innermost for R if it is an R-redex but no proper subterms of r are R-redexes. A derivation s 1 → R s 2 → R · · · for a rewrite system R is called a rewrite sequence with R. It is called innermost if all rewrite steps take place at innermost redexes. A rewrite system R is called terminating, confluent, etc. if → R is. It is called convergent if it is confluent and terminating; then every term t has a unique normal form w.r.t. → R , denoted by nf R (t), and s ≃ t is a logical consequence of R (where R is seen as a set of equations) if and only if nf R (s) and nf R (t) are the same term. It is called overlapping if there are two rules l → r and s → t such that l and some non-variable subterm s| p of s have a common instance, i.e., they unify.
Let R be a ground TRS. Then the congruence ↔ * R defines an equality Herbrand interpretation, where the only predicate ≃ is interpreted by s ≃ t iff s ↔ * R t. Such an interpretation will be denoted by R * . We write
The empty clause P is hence satisfied by no interpretation. R * satisfies a clause C if it satisfies every ground instance of C. And R * satisfies a set of clauses S, denoted by R * |= S, if it satisfies all clauses in S.
A quasi-ordering is a transitive and reflexive binary relation. The subsumption relation, denoted by · ≥, is a quasi-ordering defined as s · ≥ t if s is an instance of t, i.e., s ≡ tσ for some σ. A (strict partial) ordering ≻ is a transitive and irreflexive binary relation. An ordering on T (F, X ) is a reduction ordering if it is well-founded and monotonic, and moreover, it is stable under substitutions: s ≻ t implies sσ ≻ tσ for all substitutions σ. It fulfills the subterm property if ≻⊇ £, where £ denotes the strict subterm ordering. It is total on T (F) if for all s and t in T (F), either s ≡ t or s ≻ t or t ≻ s. A west-ordering [7] is a well-founded ordering on T (F) that fulfills the subterm property and that is total on T (F) (it is called west after well-founded, subterm and total). Every well-founded ordering can be totalized [20] , and hence every well-founded ordering satisfying the subterm property can be extended to a west-ordering. It also holds that every reduction ordering can be extended to a west-ordering [7] .
Blocked rewriting
Here we define a special kind of rewrite relation, called blocked rewriting (Brewriting for short), which is an essential ingredient for our completeness proof. (See Section 1 for the motivation of this new kind of rewrite relation.)
This relation restricts standard rewriting by mainly forbidding rewrite steps below righthand sides introduced in previous rewrite steps. Roughly speaking, at every rewrite step, the introduced righthand side becomes blocked for further rewrite steps. This makes this relation terminating by definition.
In order to express these blockings, we use abstracted terms, which have variables in the place of the blocked subterms. Blocked subterms are stored in a substitution. This formalism corresponds, at ground level, to the closures defined for clauses in [5] . However, here this is used only at the completeness proof level, i.e., no blockings appear in actual equations.
Definition 1 (Abstracted term). Let s be a term in T (F, X ) and γ a ground substitution, such that Var(s) ⊆ Dom(γ). Then:
1. s · γ is called an abstracted term. We may write s instead of s · γ whenever s is ground. 2. s · γ is said to be an abstraction of a term t if sγ ≡ t. We refer to an equation between abstracted terms as an abstracted equation, and we may write (s ≃ t)·γ for s·γ ≃ t·γ. When talking about an abstraction (s ≃ t)·γ of an equation u ≃ v, we will assume, in spite of symmetry of equations, that s · γ is an abstraction of u and t · γ is an abstraction of v. A clause consisting of abstracted equations is called an abstracted clause, and it may analogously be denoted by C · γ, where C is a clause. We may also write e instead of e · γ (resp. C instead of C · γ) whenever the equation e (resp. clause C) is ground. The notion of abstraction w.r.t. T is extended to equations and clauses in the natural way.
Given a rewrite system R, by Left (R) and Right (R) we denote, respectively, the set of lefthand sides of rules in R and the set of righthand sides of rules in R. In what follows we only consider ground rewrite systems, which is the only case we need, but all definitions can easily be extended to deal with non-ground rewrite systems. Now we define B-rewriting as a rewrite relation on abstracted terms:
Definition 2 (B-rewriting). Let s · γ and t · δ be two abstracted terms, R be a ground TRS and p be a position. Then
there is some rule s| p γ → r in R or (b) s| p γ ≡ r for some r in Right (R), and
We speak of p as being a reducible position of s · γ by R . We may often write s · γ R t · δ when the position p is not relevant or clear from the context. Note that if s · γ is an abstracted term w.r.t. Right (R) then so is t · δ. Note also that this rewrite relation not only blocks the introduced righthand sides of R, but also righthand sides of R that are already present in the ground version of the abstracted term. We refer to these latter rewrite steps as abstraction steps. Their existence is due to technical reasons, related to equivalence of abstracted terms obtained by B-rewriting. Lemma 1. Let R be a ground TRS. Then R is terminating on abstracted terms.
Proof. At every rewrite step by R , the number of non-variable symbols of the term part strictly decreases. Hence, R is terminating by definition.
Paramodulation with equations
This section is devoted to the pure equational case. In the following, we will assume that ≻ is a given (total) well-founded ordering on ground terms. We will also assume that all equations at hand have disjoint variables (if necessary, they can be renamed).
The inference system
Definition 3 (E). The inference rule E of (equational) ordered paramodulation with respect to ≻ is:
where θ = mgu(s| p , l) is the most general unifier of s| p and l, l is maximal in its premise (that is, for some ground substitution σ, it holds that lθσ ≻ rθσ), and s| p is not a variable, or l and s are both variables.
We will assume that, if l is a variable x, then x occurs in r since, otherwise, the theory is trivial. Note that this situation is possible, together with lθσ ≻ rθσ, as the ordering ≻ is allowed to contradict the subterm property. The inference with such an equation, when s is a variable y, has (r ≃ t)θ as conclusion, where θ is just the variable renaming of y by x (or of x by y). Hence, these potential inferences at variable positions are not especially prolific, as they just compute transitivity, and moreover they are not possible if the ordering fulfills the subterm property.
We must note that the need of paramodulations from variables into variables at top positions has to do with our proof technique. At present, we have not found any counterexample showing incompleteness when paramodulation into variables is completely disallowed. Now we define a well-founded ordering ≻ e on ground equations, which will be used in the inductive definition of the limit TRS that determines the model of a given set of equations.
Definition 4 (≻ e ). Let ≻ be the well-founded ordering used in the ordered paramodulation inference rule E. We define the relation ≻ e on ground equations as follows: given two ground equations s ≃ t and u ≃ v, we have
It is worth noting that, for our purposes, comparing the big sides s and u with any well-founded ordering including the subterm relation would suffice, and thus cases (a) and (b) are just one possible choice of comparison.
Lemma 2. ≻ e is a well-founded ordering on ground equations.
Proof. The relation ≻ e can be seen as the lexicographic combination of (a) a well-founded quasi-ordering on ground equations, comparing the length of the big sides, (b) a well-founded quasi-ordering on ground equations comparing the big sides with a well-founded ordering when the big sides are equal in length, and (c) a well-founded ordering on ground equations, comparing the small sides with a well-founded ordering when the big sides are the same. Hence, ≻ e is a well-founded ordering on ground equations.
⊓ ⊔
Observe also that if ≻ is total on ground terms, then so is ≻ e on ground equations.
The rewrite system
Given a set of equations E, now we define a ground TRS R E generated by E, which is the key for the refutation completeness proof. As said, this TRS R E will be shown to provide rewrite proofs by B-rewriting for all logical consequences of E whenever E is closed under ordered paramodulation.
In order to take into account the fact that R E will be used applying Brewriting, and hence the righthand sides will become blocked after each rewrite step, in the construction of R E we will not require irreducibility at those positions that are below subterms belonging to Right (R E ). For instance, if a → f (a) belongs to R E then in the term g(f (a)), since f (a) is in Right (R E ), the subterm f (a) is not required to be irreducible. The following definition will be used to describe the only set of positions of a given term t that will be required to be irreducible in this sense.
Definition 5 (Strict context). Let t be a ground term and T a set of ground terms. By the strict context of t with respect to T , denoted by StrictContext(t, T ), we refer to the set of positions p of t such that there is no prefix p ′ of p with t| p ′ ∈ T . ⊓ ⊔ A closely related concept, which will be used later on, is the following.
Definition 6 (Border). Let t be a ground term and T a set of ground terms. We define the border of t w.r.t. T as follows:
Intuitively, Border (t, T ) discards only those positions that are below strict subterms of t in T .
Example 5. We have that
⊓ ⊔
Now we can build the TRS R E choosing the appropriate ground instances of equations in E, by induction on ≻ e .
Definition 7 (R E
. Let E be a set of equations. Then, a ground instance e of the form (s
. where R e E is the set of rules generated by all instances d of equations in E such that e ≻ e d.
We denote by R E the set of rules generated by all ground instances of E.
Example 6. For the closed set of equations E in Example 3 of Section 1, R E consists of the following rules:
Using a relation which includes the subterm relation, for comparing the maximal sides of the ground instances of the equations in E, is crucial in order to ensure that the lefthand sides of the rules in R E only overlap at positions below subterms in Right (R E ).
The way we define R E is quite similar to the definition in [3] , and especially to the one in [7] . The main difference is that left-and righthand sides of rules can be reducible at positions below subterms in Right (R E ). Interestingly, if the well-founded ordering ≻ used in the ordered paramodulation inference rule is indeed a west ordering (i.e., it fulfills the subterm property as well), then the generated R E coincides with the rewrite system generated in [7] .
We associate the following ground TRS E to a set of equations E.
Definition 8 ( E)
. Let E be a set of equations. We define E as the ground TRS obtained by orienting w.r.t. ≻ the ground instances of all equations in E, i.e.,
Observe that R E ⊆ E. There is a subset of E which is closely related to R E , which will play a central role in our proofs: the set of rules s → t such that t ∈ Right (R E ).
. Let E be a set of equations. We define
Hence we have R E ⊆ R 
Some relevant properties
The following lemmas state several relevant properties of R E and R
• E , which will be used in the proof of confluence of R E and, in particular, to show the so-called Return Property (see Subsection 4.4). Recall that the generated R E can be overlapping and non-terminating and, hence, confluence does not follow easily.
A crucial property of R E is that if, at some point of its construction, i.e., for some R e E , a term t is reducible at StrictContext(t, Right (R e E )), then t will not become a righthand side of R E .
Lemma 3. Let E be a set of equations and t a ground term. If, for some ground instance e of an equation in E, t is reducible by R e E at some position p in StrictContext(t, Right (R e E )), then p is in StrictContext(t, Right (R E )). Proof. We proceed by contradiction. Let l → r be the rule in R e E that reduces t at position p, and suppose that p / ∈ StrictContext(t, Right (R E )). Then necessarily there is some term u in
Therefore, there is an equation d in gnd (E) of the form s ≃ u, with s ≻ u, that generates a rule s → u in R E . We choose such an equation d to be minimal w.r.t. ≻ e , i.e., we assume that d is the smallest equation w.r.t. ≻ e in gnd (E) that generates a rule whose righthand side is a superterm of l. Therefore, we have that
). Finally, we have the following: ⊓ ⊔ Lemma 4. Let E be a set of equations, and t a term in Right (R E ). Then, for every instance e of an equation in E, t is irreducible by R e E at every position in StrictContext(t, Right (R e E )).
Proof. We proceed by contradiction. If, for some ground instance e of an equation in E, t was reducible by R e E at some position p in StrictContext(t, Right (R e E )), then, by Lemma 3, p would be in StrictContext(t, Right (R E )). But this is not possible if t is a righthand side of R E since, in that case, the set of positions in StrictContext(t, Right (R E )) is empty.
⊓ ⊔ As a consequence, by construction, all rules s → t that are not included in R E will be reducible, in one of their sides, at some position which is strictly above all its subterms belonging to Right (R s≃t E ). This happens in particular to the lefthand sides of the rules in R
Proof. We proceed by contradiction. Let s → t be a rule in R
• E \R E , and suppose that s is irreducible by
∈ R E , we have that t must be reducible by R s≃t E at some position p in StrictContext(t, Right (R s≃t E )). But then, since t is a righthand side of R • E and hence of R E , this contradicts Lemma 4. ⊓ ⊔ Lemma 6. Let E be a set of equations. For every ground term t, we have that t is reducible by R E at Border (t, Right (R E )) if and only if t is reducible by R
Proof. The left-to-right implication holds since R E ⊆ R • E . For the right-toleft implication, let l → r be a rule in R • E that reduces t at some position q in Border (t, Right (R E )). If l → r belongs to R E we are done. Otherwise, by Lemma 5, we have that l is reducible by R l≃r E at some position p belonging to StrictContext(l, Right (R l≃r E )), i.e., in StrictContext(t| q , Right (R l≃r E )), and, hence, by Lemma 3, p is in StrictContext(t| q , Right (R E )). Thus, t| q is reducible by R E at some position p in StrictContext(t| q , Right (R E )) and, since q is in
Another crucial property of R E is that its lefthand sides only overlap below subterms corresponding to righthand sides. Lemma 7. Let E be a set of equations. For every rule s → t in R E we have that s is irreducible by R E \ {s → t} at all positions in StrictContext(s, Right (R s≃t E )), and hence at all positions in StrictContext(s, Right (R E )).
Proof. We proceed by contradiction. Let s → t be a rule in R E , and suppose that s is reducible by some rule l → r in R E \{s → t} at some position belonging to StrictContext(s, Right (R s≃t E )). Two possibilities have to be considered:
1. s £ l. Then we have that s ≃ t ≻ e l ≃ r, since s ≻ t, l ≻ r, and |s| > |l| (see Definition 4). Therefore, s is reducible by R s≃t E at some position in StrictContext(s, Right (R s≃t E )), contradicting Condition 2 to generate a rule in R E . 2. s ≡ l. In this case assume, w.l.o.g., that s ≃ t ≻ e l ≃ r (since s ≡ l, the other case is analogous). Then we can conclude as in the previous case.
This property generalizes the notion in [7] of irreducibility for the rules of the ground TRS that defines the model. Here, irreducibility amounts to irreducibility strictly above subterms corresponding to righthand sides. Therefore, in particular, if the righthand sides of the rules in R E are irreducible by R E , then the lefthand sides are irreducible as well, and both notions of irreducibility coincide.
The following lemma is a consequence of the previous one.
Lemma 8 . Let E be a set of equations, and s → t be a rule in R E . If s is reducible, at some position p, by a rule l → r in R
Proof. We proceed by contradiction. We have that, for every position p of s, if there is no position p ′ above p such that s| p ′ ∈ Right (R E ), then p is a position in StrictContext(s, Right (R E )). Now suppose that s is reducible, at such position p, by some rule l → r in R • E such that s ≃ t ≻ e l ≃ r, and recall that R E ⊆ R • E . If l → r belongs to R E then, since s ≃ t ≻ e l ≃ r, s would be reducible by R E \ {s → t} at a position in StrictContext(s, Right (R E )), contradicting Lemma 7.
If l → r belongs to R • E \ R E then, by Lemma 5, l would be reducible by R l≃r E at some position q in StrictContext(l, Right(R l≃r E )) and, by Lemma 3, in StrictContext(l, Right(R E )). Therefore, since s| p ≡ l and p is a position in StrictContext(s, Right (R E )), p·q would be in StrictContext(s, Right (R E )). Moreover, since s ≃ t ≻ e l ≃ r, the rule in R l≃r E reducing l at position q would belong to R E \ {s → t}. From these facts, a contradiction with Lemma 7 follows as before.
The following two lemmas roughly establish what kind of inferences are necessary and thus which equations can be assumed to belong to E whenever it is closed under E. Lemma 9. Let E be a set of equations that is closed under E, s ′ ≃ t ′ an equation in E, σ a ground substitution, and t · γ an abstraction of t ′ σ. If
where, for all i in {1, . . . , n}, p i is not below any variable position of t ′ and 
Proof. We proceed by induction on the number of steps of the rewrite sequence.
If there is no step, i.e., if n = 0, then, taking s ′ ≃ t ′ for s ′′ ≃ t ′′ , we are done by the assumptions. Otherwise, we have that t · γ p1 E t 1 · γ for some position p 1 and some abstracted term t 1 · γ. If this is an abstraction step, then t 1 · γ is an abstraction of t ′ σ and, hence, we can conclude by the induction hypothesis. If, otherwise, the first is not an abstraction step, then tγ| p1 ≡ l and t 1 γ ≡ tγ[r] p1 for some rule l → r in E. We can assume there is an equation
Therefore, since l ≻ r and p 1 is a non-variable position of t ′ , there is an inference by ordered paramodulation,
where θ = mgu(t ′ | p1 , l ′ ), whose conclusion has an instance of the form ⊓ ⊔ Lemma 10. Let E be a set of equations closed under E, and l ≃ r and s ≃ t be two equations in E such that l and s are both variables and, for some ground substitution σ, it holds that sσ ≡ lσ ≻ rσ ≡ tσ. Then there is an equation r ′ ≃ t in E with r ′ σ ≡ rσ.
Proof. Recall from Definition 3 that inferences at variable positions are allowed in a special case where l is a variable x and s is a variable y. The inference is
where θ is just the variable renaming of y by x, and l is maximal in its premise, that is, we have that lθσ ≡ lσ ≻ rσ ≡ rθσ. Moreover, the conclusion is in E even if tautologies are deleted, since it has an instance of the form rθσ ≃ tσ, i.e., rσ ≃ tσ, with rσ ≡ tσ. ⊓ ⊔ Note that, in the previous lemma, we do not require sσ ≻ tσ.
Using the previous lemmas we can infer that, for a set of equations E that is closed under E, no righthand side of R E appears as lefthand side neither in R E nor in R • E , and that there are no two rules neither in R E nor in R
• E with the same lefthand side.
Definition 10 (Rule introducing a righthand side). Let R be a ground TRS, and t a term in Right (R). Then we define the rule introducing t in R as the smallest rule w.r.t. ≻ e in R with t as righthand side.
Proof. We proceed by contradiction. Let t be the smallest term in Left (R E ) ∩ Right (R E ) w.r.t. ≻. Then there is a rule of the form t → u in R E , and a rule s → t introducing t in R E . Note that the two rules are different, since s ≻ t ≻ u and ≻ is well-founded. Now, if s ≃ t ≻ e t ≃ u, then t is reducible by R s≃t E at the topmost position and since, by minimality of s ≃ t, t / ∈ Right (R s≃t E ), we have that λ is a position of t in StrictContext(t, Right (R s≃t E )). But this contradicts Lemma 4. Therefore we necessarily have that t ≃ u ≻ e s ≃ t, and hence |t| ≥ |s|.
Let s ′ ≃ t ′ and t ′′ ≃ u ′ be two equations in E such that, for some ground substitution σ, it holds that
′ is a variable x, then x must occur in s ′ since, otherwise, the theory is trivial. But, since s ≡ t, having t ′ ≡ x and x occurring in s ′ contradicts |t| ≥ |s|. Therefore, t ′ cannot be a variable. Hence, since t → u ∈ R E and R E ⊆ R
where λ is not below any variable position of t ′ . And u ≡ s, since we have that s ≻ t ≻ u and ≻ is well-founded. Then, by Lemma 9, there is an equation s ′′ ≃ u ′′ in E, where s ′′ is subsumed by s ′ , that has an instance of the form s ≃ u. And, since t ≻ u, we have that s ≃ t ≻ e s ≃ u. Now recall that s → t ∈ R E and hence, by minimality of t w.r.t. ≻, we have that s / ∈ Right (R E ). This fact gives us that s ≃ u cannot generate the rule s → u in R E : otherwise, as s / ∈ Right (R E ), this would be a contradiction with Lemma 7 for s → t. Let us now analyze the possible reasons why s ≃ u does not generate a rule in R E . Since s ≻ u, we have the following two possibilities left:
1. s is reducible by R s≃u E at some position in StrictContext(s, Right (R s≃u E )) and hence, by Lemma 3, at StrictContext(s, Right (R E )). Moreover, since
Then, since t → u ∈ R E and hence u ∈ Right (R E ), this would be a contradiction with Lemma 4.
Proof. We proceed by contradiction. Assume that t is a term in Right (R E ) and there is some rule of the form t → u in R • E . Since t is a term in Right (R E ), we have that t / ∈ Left (R E ) by Lemma 11. Then t → u ∈ R
• E \ R E . But then, by Lemma 5, we have that t is reducible by
⊓ ⊔ Lemma 13. Let E be a set of equations that is closed under E. Then there are no two rules in R E with the same lefthand side.
Proof. If E is a set of equations that is closed under E then, by Lemma 11, we have that
for every rule s → t in R E and, hence, by Lemma 7, there cannot be two different rules in R E with the same lefthand side. ⊓ ⊔ Lemma 14. Let E be a set of equations that is closed under E. Then there are no two rules in R
Proof. Assume the contrary, i.e., that there are two rules of the form l → r and
We distinguish between the following situations:
where λ is not a below any variable position of l ′ and t ≡ r ′ σ. Then, by Lemma 9 applied on r ′ ≃ l ′ , there is an equation in gnd (E) of the form r ′ σ ≃ t, i.e., r ≃ t. Since both r and t belong to Right (R E ) then, regardless of the orientation of r ≃ t w.r.t. ≻, we will have a rule in R • E whose lefthand side is in Right (R E ), contradicting Lemma 12. 2. l ′′ is not a variable. Then
where λ is not a below any variable position of l ′′ and r ≡ t ′ σ. Then, by Lemma 9 applied on t ′ ≃ l ′′ , there is an equation in gnd (E) of the form t ′ σ ≃ r, i.e., t ≃ r, and we conclude as in the previous case. 3. l ′ and l ′′ are variables. Then, as
by Lemma 10 we have that r ′ σ ≃ t ′ σ, i.e., r ≃ t, is in gnd (E), and we conclude as in the previous cases.
The Return Property
In this subsection we prove the so-called Return Property of R E , which roughly states that, if we reduce, with R E , a righthand side t of R E into a term u, then there is a rewrite sequence with R E from u to t again. This strong property is crucial to prove that our generated R E , in spite of being potentially overlapping and non-terminating, is confluent: after the Return Property is proved, confluence follows from the fact that the lefthand sides only overlap below subterms corresponding to righthand sides. See Figure 3 for an example.
Example of generated RE (righthand sides are underlined)
Example of returning path The intuition behind this property comes from the fact that the reducible righthand sides of R E are minimal w.r.t. ≻ in their congruence class. Hence, for the ground case, if a righthand side t is reducible at some position p by some rule l → r, then there is an inference by ordered paramodulation between a pair of equations l ≃ r and s ≃ t leading to s ≃ t[r] p (since l ≻ r) and, again, another inference between s ≃ t and s ≃ t[r] p leading to t ≃ t[r] p (since s ≻ t), which lets us to get back to t with t[r] p → t (since t[r] p ≻ t).
Following the example, if we have a ≃ f (a) with f (a) minimal and f (a) reducible by a → f (a), we can obtain a ≃ f (f (a)) and then f (f (a)) ≃ f (a) by an inference at the topmost position, with f (f (a)) ≻ f (a). Thus, after reducing f (a) into f (f (a)) with a → f (a), we can return to f (a) using f (f (a)) → f (a).
Thanks to this Return Property, t can be chosen as a representative (not a normal form, since it can be reducible) of its congruence class. Moreover, for all terms in its congruence class, their representative can be obtained by an innermost rewrite sequence consisting in replacing every reducible subterm by its representative.
However, for the non-ground case, the proof becomes rather technical due to the side effects of reductions that correspond to ground inferences that take place below non-linear variables, which cannot be lifted to non-ground inferences. Now we introduce some new lemmas, concepts and notation, which are used in the proof of the Return Property.
The following lemma states that, in a sequence by B-rewriting with a TRS R, if some step has taken place at the border, w.r.t. Right (R), of the initial term, then it is not possible to get back to the initial term until a normal form has been reached.
Lemma
15. Let R be a ground TRS and t · γ an abstracted term. If t · γ p1 R t 1 · γ · · · pn R t n · γ, where n ≥ 1, p 1 ∈ Border (tγ, Right(R)) and t n · γ is not abstracted at the topmost position, then t i γ ≡ tγ for all i in {1, . . . , n}. Proof. If t · γ p1 R t 1 · γ · · · pi R t i · γ, where i ≥ 1, then, by definition of Brewriting, p 1 is below some position p such that t i γ| p ∈ Right (R). Moreover, if t i ·γ is not abstracted at the topmost position (as is the case if t i ·γ * R t n ·γ and t n · γ is not abstracted at the topmost position), then there is such a position p which is not topmost, i.e., p = λ. Therefore, p 1 / ∈ Border (t i γ, Right(R)). Finally since, by assumption, p 1 ∈ Border (tγ, Right(R)), we necessarily have that t i γ ≡ tγ.
⊓ ⊔
We define two restricted versions of the B-rewrite relation R , denoted by R and R , which respectively consist of rewriting only above blocked positions and only above non-blocked positions. Recall from Definition 2 that steps below Note that one relation is the complement of the other if we restrict to nonabstraction steps. Proof. Since there are no two rules neither in R nor in S with the same lefthand side, and, by definition, all steps with S and R are disjoint, we have that all rewriting steps with i R and ( S ∪ R ) i are non-overlapping. Therefore, they are trivially locally confluent and, since both relations are terminating, confluence holds.
Definition 12 (Innermost B-rewriting). Given a ground TRS
The following definition states a particular kind of return property, that we assume to hold on some (smaller) terms in our proofs by induction.
Definition 13 (Innermost returning term
The following ordering is defined on righthand sides of R E that are reducible in the border, and it is crucial for proving the forthcoming lemmas.
Definition 14 (≻ B
. Let B be the set of terms t such that t ∈ Right (R E ) and t is reducible by R • E at some position in Border (t, Right (R E )). Then, for every pair of terms s and t in B, we have that s ≻ B t if and only if either s £ t or the rule l → s introducing s in R E satisfies l £ t.
Lemma 17. The relation ≻ B is well-founded on B.
Proof. Consider the ordering ≻ r on Right (R E ) defined as s ≻ r t iff l → s is the rule introducing s in R E , l ′ → t is the rule introducing t in R E and l ≃ s ≻ e l ′ ≃ t. Note that, since ≻ e is well-founded, we have ≻ r well-founded and hence its multiset extension ≻ ≻ r on finite multisets of terms in Right (R E ) is well-founded too. Finally, let M (t) be defined as the multiset containing all terms t ′ ∈ B, such that t ¤ t ′ . Now, we show that if s ≻ B t then M (s) ≻ ≻ r M (t), which implies that ≻ B is well-founded.
If
If v ∈ M (t) then l £ v and v ∈ B which, by Lemma 6, implies that there is some rule l
On the other hand, if l ′′ → v is the rule introducing v, then l ′ ≃ r ′ ≻ e l ′′ ≃ v since, otherwise, v would be reducible by
Lemma 22 is the central lemma of our result. Here follow some auxiliary lemmas used in its proof.
Lemma
with the same steps, where uδ ≡ vρ and all non-variable positions of v are nonvariable positions of u.
Proof. We proceed by induction on (
If there is no rewrite step on t · γ, then t · γ ≡ u · δ and, since tγ ≡ t ′ γ ′ and all non-variable positions of t ′ are non-variable positions of t, we can take v · ρ ≡ t ′ · γ ′ . Otherwise, let p be the first position of t · γ that we are reducing. Then, by assumption, p is a reducible position of t ′ · γ ′ . Since tγ ≡ t ′ γ ′ , we have that t| p γ ≡ t ′ | p γ ′ . Now, by Lemma 14, there is a single rule in R
• E with t| p γ as lefthand side. Then, using the rule t| p γ → r, we have
Now, let γ 1 = γ ∪ {y → r} and γ
We have: Therefore, by the induction hypothesis, we have
where uδ ≡ vρ and all non-variable positions of v are non-variable positions of u. ⊓ ⊔ Lemma 19. Let E be a set of equations that is closed under E, t be a term in Right (R E ), and s → t be the rule in R E introducing 6 t. If some rule l → r in R • E reduces t at some position in Border (t, Right (R E )), then either l does not occur in s, or l → r and s → t are the same rule.
Proof. Assume that some rule l → r in R • E reduces t at some position p in Border (t, Right (R E )), i.e., at StrictContext(t, Right (R E ) \ {t}).
First of all note that, since s → t is the rule in R E introducing t, we have that t / ∈ Right (R s≃t E ) and, hence,
. Now, either l → r ∈ R E or, by Lemma 5, we have that l is reducible by R l≃r E at some position in StrictContext(l, Right(R l≃r E )) and, hence, by Lemma 3, in StrictContext(l, Right(R E )). Therefore, in any case, if s ≃ t ≻ e l ≃ r, then some rule in R s≃t E would reduce t below p, a position in StrictContext(t, Right (R s≃t E )), contradicting Lemma 4. Therefore, we necessarily have that l ≃ r e s ≃ t and, hence, |l| >= |s|. Finally since, by Lemma 14, there are no two different rules in R
• E with the same lefthand side, we have that either l does not occur in s, or l → r and s → t are the same rule.
⊓ ⊔ Lemma 20. Let E be a set of equations that is closed under E, t be a term in Right (R E ), and s → t be the rule in R E introducing t. If s and t differ only below some position p in Border (t, Right (R E )) then, for every reducible position q of s by R
• E such that q is not overlapped with p, there is a position q ′ above q such that s| q ′ ∈ Right (R E ) and q ′ is not overlapped with p.
Proof. Let u → v be the rule in R • E reducing s at position q. Since q is not overlapped with p, then q = λ, i.e., u occurs at a non-topmost position of s. Moreover, as s and t differ only at positions below p, we have that u → v also reduces t at position q. Then, by Lemma 19, we have that q / ∈ Border (t, Right (R E )), i.e., there is a position q ′ = λ above q such that t| q ′ ∈ Right (R E ). Moreover, as p ∈ Border (t, Right (R E )), q ′ cannot be above p. And, since s and t differ only below p, we have that s| q ′ ≡ t| q ′ and, hence, s| q ′ ∈ Right (R E ).
⊓ ⊔ Lemma 21. Let E be a set of equations that is closed under E, t be a term in Right (R E ), and s → t be the rule in R E introducing t. If there are two equations s ′ ≃ t ′ and s ′′ ≃ t ′′ in E such that neither t ′ nor t ′′ are variables and, for some substitution σ we have that s ′ σ ≡ s, t ′ σ ≡ t, s ′′ σ ≡ t and t ′′ σ ≡ u, where t ≡ u and the only reducible positions of u by R E belonging to Border (u, Right (R E )) are either λ, or positions p of t such that u| p ≡ t| p and p ∈ Border (t, Right (R E )), then u ≻ t.
Proof. By assumption, we have that t ≡ u. We will show that having t ≻ u leads to a contradiction and, hence, u ≻ t.
If t ≻ u then, since s ≻ t ≻ u and ≻ is well-founded, we would have that s ≡ u. Therefore, since t ′ is not a variable and t E x·{x → u} for some variable x then, by Lemma 9 applied on s ′ ≃ t ′ , there would be an equation in E with an instance of the form s ≃ u.
By Lemma 13, we know that s → u / ∈ R E . Let us analyze the conditions required for an equation to generate a rule in R E (see Definition 7). Condition 1 is clearly fulfilled, since s ≻ u. Condition 2 must also be fulfilled since, if s ≃ u fails Condition 2 then, by Lemma 3, also fails s ≃ t, as s ≃ t ≻ e s ≃ u. Hence, s ≃ u must fail Condition 3, i.e., u must be reducible R s≃u E at some position p in StrictContext(u, Right (R s≃u E )). Then, by Lemma 3, p is also in StrictContext(u, Right(R E )), and hence in Border (u, Right(R E )). And, as seen before, either p = λ, or p is in Border (t, Right (R E )) and u| p ≡ t| p .
We can see that in any case we get a contradiction. If p = λ, then there would be a rule of the form u → v in R E . Moreover, t ≡ v, since t ≻ u ≻ v. And, by assumption, s ′′ ≃ t ′′ is an equation in E, where t ′′ is not a variable, that has an instance of the form t ≃ u. Therefore, by Lemma 9 applied on s ′′ ≃ t ′′ , there would be an equation in E having an instance of the form t ≃ v and, since t ≻ v, then t → v ∈ R • E . But, since t belongs to Right (R E ), this contradicts Lemma 12. If p is in Border (t, Right (R E )) then, since s ≃ t ≻ e s ≃ u and s → t is the rule introducing t in R E , p is also in StrictContext(t, Right (R s≃t E )). Since, moreover, u| p ≡ t| p , we have that t is reducible by R s≃u E , and hence by R s≃t E , at position p, leading to a contradiction with Lemma 4.
⊓ ⊔ Now we prove the main lemma in which the Return Property is based.
Lemma 22. Let E be a set of equations that is closed under E, t be a term in Right (R E ), and S be a non-empty and non-overlapping subset of R
• E such that every rule in S reduces t at some position in Border (t, Right (R E )). If all terms smaller than t w.r.t. ≻ B are innermost returning, then we have that
In order to proof the lemma we build a derivation
with , where p 1 , . . . , p n denote the positions where the rewrite steps take place, t 0 ≡ t (and, since t is ground, t 0 · γ ≡ t) and t n · γ ≡ x · {x → t}. Now let s → t be the rule introducing t in R E , and s ′ ≃ t ′ be an equation in E such that s ′ σ ≡ s and t ′ σ ≡ t for some ground substitution σ. We can show that t ′ cannot be a variable: if t ′ is a variable x then, either we have a trivial theory, which we assume is not the case, or x must necessarily occur in s ′ . In particular, x must occur at some non-topmost position of s ′ , since we have that s ′ σ ≻ t ′ σ. But then, for every rule l → r in S, we would have that s £ l, contradicting Lemma 19.
We consider σ ′ to be a normalization of σ w.r.t. , but without keeping the blockings, i.e., a ground substitution σ ′ such that xσ! is an abstraction of xσ ′ for every variable x. Then there is some t k , such that we can start D with
and t k γ ≡ t ′ σ ′ (note that, in particular, if xσ is irreducible by S for all variables x in Var (t ′ ), then t ′ σ ′ ≡ t ′ σ and k = 0). Then, from t k · γ on, all remaining steps to be made in D must take place at some position which is not below any variable position of t ′ . Observe also that t k · γ is not abstracted at the topmost position, since this could only be possible if t ′ was a variable, which, as we have seen, is not the case. Moreover, either Lemma 19 , for every rule l → r in S, either l does not occur in s, or l → r and s → t are the same rule. We distinguish between the following situations:
1. Some step with S has already taken place in D at some position in Border (t, Right (R E )) when we reach t k · γ. We can assume, w.l.o.g., that the step with S at the border has been the first one, i.e. at position p 1 . In this case, let t m · γ be an abstracted term obtained in a derivation with starting with t k · γ, and reducing at all positions but λ. Then, we have
where t m · γ is not abstracted at the topmost position and if it is not in normal form then it is only reducible at the topmost position. Since t m · γ is not abstracted at the topmost position and p 1 ∈ Border (t 0 γ, Right (R E )), by Lemma 15, t i γ ≡ t 0 γ ≡ t for all i in {1, . . . , m} and, hence, t i γ ≡ t for all i in {k, . . . , m}. Now, we consider the following, as said, two unique cases where either at some position p then either p = λ or there is no abstraction below p and, thus, there has been no rewriting step below p, which implies that t m γ| p ≡ t| p . Moreover, we can show that if p ∈ Border (t, Right (R E )) then p ∈ Border (t m γ, Right(R E )). Let q = λ be the closest position to p such that t| q ∈ Right (R E ). Then we have that q is a non-variable position of t m (as p is) and, since q = λ, we have that t m | q · γ is normalized (as t m ·γ is irreducible except at the topmost position). Thus, since t ≻ B t| q , t| q is innermost returning by assumption and, if t m | q · γ is normalized, then t m | q γ ≡ t| q which implies that p ∈ Border (t m γ, Right(R E )). Therefore, the only reducible positions of t m γ by R • E that belong to Border (t m γ, Right(R E )) are either λ, or positions p of t with t m γ| p ≡ t| p and p ∈ Border (t, Right (R E )). Then, as R E ⊆ R • E , by Lemma 21 we have that t m γ ≻ t and, hence, t m γ → t is a rule in R • E . Using this rule, we can reduce t m · γ obtaining x · {x → t}, and we are done with m = n − 1. when we reach t k · γ (in particular, it is possible that no step has taken place at all, i.e., we can have that k = 0). In this case, since S is non-overlapping, if t is reducible at some position p by a rule in S then, if p is none of the positions p 1 , . . . , p k , then t| p ≡ t k | p . Moreover, since S is not empty and every rule in S reduces t at some position in Border (t, Right (R E )), there is at least one position p in t k ·γ that can be reduced by with a rule l → r in S. Note also that p = λ, since, by Lemma 12, we have that
Therefore, assuming that yγ ≡ r, we have that
Then, similarly to case 1, let t m · γ be an abstracted term obtained in a derivation with starting with t k+1 · γ, and reducing at all positions but λ. Then, we have
and t m · γ can only be reducible at the topmost position. Moreover, by confluence, since t 0 · γ p t 0 [y] p · γ, we also have
and, since t m · γ is not abstracted at the topmost position and p belongs to Border (t 0 γ, Right(R E )), by Lemma 15, t i γ ≡ t 0 γ ≡ t for all i in {1, . . . , m} and, hence, t i γ ≡ t for all i in {k + 1, . . . , m}. Now, we consider again the two unique cases on ii. t k+1 γ ≡ s, and k > 0, i.e., some steps in D take place below variable positions of t ′ . In this case, first of all, we will show that t k γ ≡ t: Since (i) every rule in S reduces t at Border (t, Right (R E )), (ii) no step with S has taken place yet at any position in Border (t, Right (R E )) when we reach t k · γ, and (iii) k > 0, then there is at least one rule l → r in S reducing t both at some position in Border (t, Right (R E )) and at some position not in Border (t, Right (R E )). Therefore, if t k γ ≡ t, since we use innermost rewriting, after only one rewrite step, at least one occurrence of such redex l would remain in t k+1 γ at some nontopmost position. But then it would not be possible to have t k+1 γ ≡ s since, as we have seen, either l does not occur in s, or l → r and s → t are the same rule. Therefore, we have that t k γ ≡ t. Then, we can conclude analogously to case 1b on s ′ ≃ t ′ , σ ′ and k. iii. t k+1 γ ≡ s, and k = 0, i.e., no step in D takes place below any variable position of t ′ and, hence, the step at position p k+1 is the first one. Therefore, for some rule l → r in S and some non-variable position p 1 of t ′ , we have that t| p1 ≡ l, t 1 ≡ t[x 1 ] p1 for some variable x 1 and t 1 γ ≡ t[r] p1 ≡ s. Now recall that, for every rule l → r in S, either l does not occur in s, or l → r and s → t are the same rule. Here s → t cannot be a rule in S: if this was the case then, as every rule in S reduces t and s ≡ t, s would occur in t at some non-topmost position and, hence, also in t[r] p1 at some non-topmost position, contradicting t 1 γ ≡ s. Hence, no rule in S reduces s. Therefore, since the rules in S are non-overlapping and we have t[r] p1 ≡ s, it should be the case that t| p1 → s| p1 is the only rule in S, which moreover only reduces t at position p 1 and t 1 ≡ s[x 1 ] p1 (note that this orientation of the rule is possible, since monotonicity is not required for the relation ≻). Note also that in this case p 1 must be a position in Border (t, Right (R E )). Now we show that,
except at the topmost position, then a last step at the topmost position with s → t lets us conclude. If, otherwise, s[x 1 ] p1 ·γ is still reducible by at some position p 2 = λ, then we have that
i.e., we have that p 2 is strictly above p 1 , since, as stated before, S has a single rule which reduces t only at position p 1 . In this case, let u → v be the rule in R
Since p 2 = λ, we have that s ≃ t ≻ e u ≃ v and, hence, by Lemma 8, u occurs below some righthand side of R E in s, i.e., p 2 = p · p ′ for some p and p ′ , where s| p ∈ Right (R E ). Let p be the closest position to p 2 such that s| p ∈ Right (R E ), i.e., that has no strict subterm in Right (R E ) containing s| p2 . Then, we have that p ′ is in Border (s| p , Right (R E )) and, therefore, we have that t ≻ B s| p , since s → t is the rule introducing t in R E , s £ s| p (note that p = λ since, by Lemma 11, we have that Left (R E ) ∩ Right (R E ) = ∅), and s| p is reducible by R • E at Border (s| p , Right (R E )). Then, since, by assumption, all smaller terms than t w.r.t. ≻ B are innermost returning, we have that
with wθ ≡ s| p . And, in particular, since u → v reduces s| p at 
Using this derivation on s[x 1 ] p1 · γ we have
and, since |s[
and we are done.
⊓ ⊔
The following Lemma generalizes Lemma 22, in the sense that rules in S are not required to reduce t at the border. With them, we establish the Return Property for the set of righthand sides of R E , except that not only rules in R E , but rules in R • E , are used for returning to the original term. Later on we show that, from this result, a result where only rules in R E are used follows.
Lemma 23. Let E be a set of equations that is closed under E. Then all terms in Right (R E ) are innermost returning.
Proof. We have to prove that for every non-overlapping subset S of R
We proceed by induction on |t|.
We take the positions of the maximal strict subterms of t belonging to Right (R E ). Being precise, let p 1 , . . . , p n be the set of non-topmost positions of t such that t| pi ∈ Right (R E ), and p i is not below any other position q of t such that t| q ∈ Right (R E ).
By the induction hypothesis, t| pi is innermost returning for every i and, therefore, for every non-overlapping subset S of R
then we are done. Otherwise, t ′ · δ is reducible at Border (t, Right (R E )), and then we prove that t
Let S B be the subset of S including only those rules reducing t at some position in Border (t, Right (R E )). Note that t ′ · δ is reducible by S if and only if t ′ · δ is reducible by SB , since all positions not at Border (t, Right (R E )) have already been normalized in t ′ · δ. Moreover, there is no reducible position p of
must be reducible by S in a proper subterm (as it has been abstracted), S B ⊆ S, and all rules in S are non-overlapping. Therefore, we prove that
We proceed by induction on the number of abstracted positions of t ′ ·δ. There are two cases to be considered.
If t ′ · δ is innermost reducible by SB ∪ R • E using a step with R • E at some position p, then let l → r be the rule in R
• E with minimal |l| reducing t ′ δ at position p, and let q 1 , . . . , q m be all non-variable positions of t ′ such that t ′ | qi δ ≡ l. Note that all t ′ | qi · δ are equivalent and, hence, all such positions are reducible
i! x · {x → t}, we distinguish two more cases:
-If some rule l ′ → r ′ in S B reduces l then, since the step with l → r in R
• E is innermost, l ′ → r ′ cannot reduce any t ′ | qi · δ and, hence, l ′ must occur in the abstraction part, i.e., below positions q of l such that l| q ∈ Right (R E ). Now, by the outer induction, we have that all such l| q are innermost returning (since they are strict subterms of l and hence of t). Therefore, we have that , with the rule l → r (since u · ρ has at least one abstracted position). Assume that u · ρ is reducible at some non-topmost position k. First, we have that k cannot be below an abstracted position of t ′ | qi ·δ since, in that case, by construction, l| k has been normalized when obtaining u · ρ, and thus it cannot be reducible. Now, let k be a nonabstracted position of t ′ | qi · δ. If u · ρ is innermost reducible by SB at position k, since u · ρ is at most as abstracted as t ′ | qi · δ, then t ′ | qi · δ is either reducible by SB or by R • E at position k, contradicting the fact that the step with l → r was innermost. If, otherwise, u · ρ is innermost reducible by
at position k, leading again to a contradiction.
We can conclude this case, since we have shown that
i! x · {x → t}, and we are done. 
i! x · {x → t}, and we are done.
We are left with the case where t ′ · δ is only innermost reducible by SB ∪ R
• E using steps with SB . Let a 1 , . . . , a j be all the abstracted positions of t ′ · δ and let z 1 , . . . , z j be the variables at those positions. Then every z i δ ≡ t| ai is a term in Right (R E ) and since, by the induction hypothesis, it is innermost returning, we have that
On the other hand, by Lemma 22, we have that
Therefore, by confluence, we have that 
Now, roughly, we have to go from the Return Property with R
• E to the Return Property with R E . To this end we show that, for some particular abstracted terms, the so-called innermost reduced terms, innermost B-rewrite sequences with R
• E are in fact B-rewrite sequences with R E .
Definition 15 (Innermost reduced term). Let R be a ground T RS and s · γ be an abstracted term. We say that s · γ is innermost reduced for R if there is no reducible position p of s · γ by R such that Var (s| p ) = ∅ (i.e., there is no redex in s · γ which has never been reduced inside).
Lemma 24. Let R be a ground TRS, and s · γ be an abstracted term which is innermost reduced for R. If s · γ R t · δ, then t · δ is innermost reduced for R.
Proof. Let t · δ be of the form s[x] p · (γ ∪ {x → r}) for some rule l → r in R.
On the one hand, we have that Var(s| p ′ ) = ∅ for every prefix p ′ of p. On the other hand, for every position q which is not overlapped with p we have that
Therefore, since s · γ is innermost reduced for R and, by definition of B-rewriting, only positions strictly above p or positions which are not overlapped with p can be B-reducible, we have that t · δ is innermost reduced for R.
The following lemma states which subset of rules of R
• E corresponds to R E .
Lemma 25. Let E be a set of equations that is closed under E, and s → t a rule in R
• E such that s is irreducible by R E at every non-topmost position belonging to StrictContext(s, Right (R E )). Then s → t belongs to R E .
Proof. Assume the contrary, i.e., that such a rule s → t is not a rule in R E . Then, by Lemma 5, we have that s is reducible by R s≃t E at some position p in StrictContext(s, Right (R s≃t E )) and, by Lemma 3, we have that p belongs to StrictContext(s, Right (R E )). Since R s≃t E ⊆ R E , by assumption, s can only be reducible at position λ, by some rule s → u in R E . However, by Lemma 14,  there are no two rules in R • E with the same lefthand side, which, since R E ⊆ R • E , implies that s → u and s → t are the same rule and hence s → t ∈ R E . ⊓ ⊔ Lemma 26. Let E be a set of equations that is closed under E, and s · γ be an abstracted term w.r.t. Right (R E ) which is innermost reduced for R Since the rewrite sequence is innermost and s · γ is innermost reduced for R
• E then, apart from λ, s| p γ can be reducible by R • E at most below blocked positions of s| p · γ. Now note that, since s · γ is abstracted w.r.t. Right (R E ), then in all blocked positions of s| p · γ there are subterms belonging to Right (R E ). Therefore we have that s| p γ is irreducible by R • E , and hence by R E , at every non-topmost position in StrictContext(s| p γ, Right(R E )).
Then, by Lemma 25, we have that s| p γ → r ∈ R E . Moreover, since by Lemma 24 we have that s[x] p · (γ ∪ {x → r}) is innermost reduced for R • E and it is abstracted w.r.t. Right (R E ), by the induction hypothesis, we have that
The following lemma states that B-rewrite derivations are preserved if we have less blocked positions.
Lemma 27. Let R be a TRS and t · γ be an abstracted term. If t · γ + R x · {x → tγ} with n non-abstraction steps then t ′ · γ ′ + R x · {x → tγ} with the same n steps for every abstraction t ′ · γ ′ of tγ such that all non-variable positions of t are non-variable positions of t ′ .
Proof. We proceed by induction on n. If n = 1 then there is only a step at position λ and since, by assumption, t ′ γ ′ ≡ tγ and t ′ · γ ′ cannot be abstracted at the topmost position, we have that t ′ · γ ′ λ R x · {x → tγ} with the same step. If n > 1 then we have that t · γ p1 R t[y] p1 · (γ ∪ {y → r}) ≡ t 1 · γ 1 with some rule l → r such that t| p1 γ ≡ l. Moreover, again by assumption, t ′ | p1 γ ′ ≡ l and, hence, we have that
We also have that t ⊓ ⊔ Now we are ready to obtain the Return Property for rewrite sequences using R E , by carefully choosing a subset S of R E and combining lemmas 23 and 26.
Theorem 1 (Return Property). Let E be a set of equations that is closed under E, and t · γ be an abstraction w.r.t. Right (R E ) of a term in Right (R E ). If t · γ RE u · δ then u · δ * RE x · {x → tγ} for some variable x.
Proof. We proceed by induction on the size of tγ. If the step from t · γ to u · δ is an abstraction step, then we have that uδ ≡ tγ and, hence, in the case that u · δ is not already abstracted at the topmost position, by a last abstraction step at the topmost position we can get x · {x → tγ} for some variable x.
If, otherwise, we do not have an abstraction step, then u · δ is of the form t[x] p · (γ ∪ {x → r}), where t| p γ → r is a rule in R E . Now, if p is below some position p ′ such that t| p ′ γ ∈ Right (R E ) and p ′ = λ, then, by the induction hypothesis and monotonicity of B-rewriting, we have that
for some variable y and, hence, by a last abstraction step at the topmost position, we are done.
If p is in Border (tγ, Right(R E )), then let S = {l → r ∈ R E | l → r reduces tγ and l is minimal w.r.t. £}.
Note that the rule t| p γ → r does not necessarily belong to S. But, in any case, we have that S is non-overlapping, by minimality of its lefthand sides w.r.t. £ and Lemma 13. Then, by Lemma 23, we have
where vσ ≡ tγ. On the other hand, by Lemma 23, applied to all maximal strict subterms of tγ in Right (R E ), we have
where uσ ≡ tγ and u · σ is only reducible at positions in Border (tγ, Right (R E )). Now, by confluence, we have
and, moreover, u · σ is innermost reducible at position p by S ∪ R • E using t| p γ → r, since (i) p is a non-variable position of u, because it is a position in Border (tγ, Right (R E )) and we have only reduced tγ at positions not in Border (tγ, Right (R E )), and (ii) it is innermost because t| p γ → r ∈ R E , by Lemma 7 we have that t| p γ can only be reduced in positions not in the Border (t| p γ, Right(R E )) and u · σ is only reducible at positions belonging to Border (tγ, Right (R E )).
Since u · σ is innermost reducible at position p with the rule t| p γ → r, by confluence we have
and since p ∈ Border (tγ, Right (R E )), by Lemma 15, v · σ ≡ x · {x → tγ}. Let t ′ · γ ′ be u · σ after abstracting the non-variable positions of u that are variable positions of t. Since u · σ is only reducible at positions belonging to Border (tγ, Right (R E )), we have only abstracted irreducible terms, and hence all reducible positions of u · σ by (
and, by innermost confluence, applying first the steps with S , there is some w · ρ such that 
and, again by innermost confluence, applying first the step on p, we have
and finally, by Lemma 27, removing the necessary abstractions we have

Rewrite proofs for the equational case
In order to prove that we have B-rewrite proofs for all consequences of a closed set of equations E, we first need to prove the confluence of the rewrite relation + RE on abstracted terms. The Return Property is the cornerstone for proving local confluence. By construction of R E , -lefthand sides of R E can only overlap under terms that correspond to righthand sides of R E (Lemma 7), and -righthand sides of R E fulfill the Return Property (Theorem 1).
Hence, using the Return Property we can show that, if we reduce an abstraction of a lefthand side of a rule in R E (not at top position), then there is a B-rewrite sequence going back to (another abstraction of) the lefthand side again. So the diamond closes with a final step with the same rule. Lemma 28 (Local confluence). Let E be a set of equations that is closed under E, and s·γ be an abstracted term w.r.t. Right(R E ).
Since RE is terminating and locally confluent, it is confluent. Theorem 2 (Confluence). Let E be a set of equations that is closed under E. Then RE is confluent.
Now we prove that all equations in E have a B-rewrite proof using R E , which also implies that R * E is a model for E: first, we show that there is a B-rewrite proof for all instances which are irreducible (at positions which are not below subterms in Right (R E )) in the substitution part; second, by first normalizing the substitution w.r.t. RE , which gives us an irreducible instance, we show that there are B-rewrite proofs for all instances.
This result, together with confluence of RE , gives us that all consequences of E have a B-rewrite proof using R E .
Definition 16 (B-irreducible substitution)
. Let E be a set of equations. A substitution σ is B-irreducible by R E in a term t if, for all variables x in Dom(σ), either 1. xσ is irreducible by R E at every position in StrictContext(xσ, Right (R E )), or 2. x does not occur in t at any position in StrictContext(tσ, Right (R E )).
A substitution σ is B-irreducible by R E in an equation s ≃ t if σ is B-irreducible by R E in both s and t.
This irreducibility property is roughly inherited by the conclusion in all paramodulation inferences by E with rules in R E . Now we show that there is a B-rewrite proof for all instances of equations in E with a B-irreducible substitution, provided that E is closed under E.
Lemma 29. Let E be a set of equations that is closed under E, s ≃ t be an equation in E, and σ be a substitution such that (s ≃ t)σ is ground and σ is B-irreducible in s ≃ t. If u 1 · γ 1 is an abstraction of sσ w.r.t. Right (R E ) and u 2 ·γ 2 is an abstraction of tσ w.r.t. Right (R E ), then u 1 ·γ 1 * RE u ·γ * RE u 2 ·γ 2 for some abstracted term u · γ.
Proof. We proceed by induction on size of the terms without counting the variables, i.e., |u 1 | v + |u 2 | v .
1. If either u 1 γ 1 or u 2 γ 2 have a term belonging to Right (R E ) at a non-variable position of u 1 or u 2 (respectively) then we abstract in this position. We show it for u 1 (for u 2 it is analogous). Let p be a non-variable position of
, and, by the induction hypothesis, it holds that
2. If neither u 1 γ 1 nor u 2 γ 2 have a term belonging to Right (R E ) at a nonvariable position of u 1 or u 2 (respectively), then there are two possibilities. If u 1 · γ 1 ≡ u 2 · γ 2 , then we are done. Otherwise, since u 1 · γ 1 is a maximal abstraction of sσ (i.e., it cannot be further abstracted) and u 2 · γ 2 is a maximal abstraction of tσ, and they are not equivalent, we have that sσ ≡ tσ, and we can assume, w.l.o.g., that sσ ≻ tσ. Now, if sσ → tσ ∈ R E , then tσ ∈ Right (R E ) and, hence, u 2 is a variable x and γ 2 is {x → tσ}, and u 1 · γ 1 RE x · {x → tσ}. Therefore, taking u = x and γ = γ 2 , we are done. If, otherwise, sσ → tσ / ∈ R E , then, by Definition 7 and Lemma 3, either sσ or tσ are reducible by R E at some position in StrictContext(sσ, Right (R E )) or in StrictContext(tσ, Right (R E )), and hence at a non-variable position of u 1 or u 2 (respectively). We consider the case in which sσ is reducible (the case for tσ is analogous). Let p be a non-variable position of u 1 such that there is a rule l → r in R E with u 1 | p γ 1 ≡ l. Then we have that
On the other hand, since σ is B-irreducible in s ≃ t, p is a non-variable position of s and, if l ′ ≃ r ′ is an equation of E such that, w.l.o.g., l ′ σ ≡ l and r ′ σ ≡ r, then there is an inference by ordered paramodulation,
is an abstraction of s[r ′ ] p θσ and u 2 · γ 2 is an abstraction of tθσ. Finally, either u ′ 1 γ ′ 1 ≡ u 2 γ 2 and hence we have that u 1 · γ 1 * RE u · γ * RE u 2 · γ 2 for some abstracted term u · γ by abstraction steps, or else the conclusion of the inference is not a tautology and hence is in E and, since σ is B-irreducible in the conclusion and |u 1 | v > |u ′ 1 | v then, by the induction hypothesis, we have that u
Now, as said before, we show that we can obtain a B-rewrite proof using R E for every instance of an equation in E, by first normalizing the substitution w.r.t. RE .
Lemma 30. Let E be a set of equations that is closed under E, and s ≃ t be an equation in gnd (E). Then s * RE u · γ * RE t for some abstracted term u · γ. The following theorem follows directly from the previous lemma. Note that rewriting with RE also provides a rewrite sequence with R E . Theorem 3. Let E be a set of equations that is closed under E. Then R * E |= E. Now, together with confluence of RE , we can show that all consequences of E have a B-rewrite proof.
Lemma 31. Let E be a set of equations that is closed under E. If E |= s ≃ t for some ground terms s and t, then s * RE u · γ * RE t for some abstracted term u · γ.
Proof. Since E |= s ≃ t, we can go from s to t using the equations in gnd (E). Then there is a sequence of terms s 0 , s 1 . . . , s n such that s 0 = s and s n = t and, for every i in {0, . . . , n − 1}, we have that s i = C[e i ] and s i+1 = C[e i+1 ] for some context C and equation e i ≃ e i+1 in gnd (E). By Lemma 30 and monotonicity of RE , for every i in {0, . . . , n − 1}, we have that s i * RE u i · γ i * RE s i+1 for some abstracted term u i · γ i . Finally, by confluence of RE , we have that s = s 0 * RE u · γ * RE s n+1 = t for some abstracted term u · γ.
This result implies that we have obtained a Knuth-Bendix completion procedure for ordered rewriting with well-founded orderings.
The Horn case
In this section we generalize the results of the previous section to Horn clauses. In the following inference system it is assumed that, in each clause with a non-empty antecedent, one of the negative equations, the one that is written underlined, has been selected. where, moreover, in both paramodulation rules l is maximal in its premise (that is, for some ground substitution θ, it holds that lσθ ≻ rσθ), and s| p is not a variable except in the paramodulation right inference when s and l are both variables. See Definition 3 for further details on the application of this inference rule.
Definition 18. Let S be a set of Horn clauses. By E S we denote the set of equations occurring as positive unit clauses in S, i.e., E S = {s ≃ t | → s ≃ t ∈ S}, and by R S we denote the set of rules generated by E S as in Definition 7.
First we show that, if S is a set of clauses that is closed under H and does not contain the empty clause, then R * S is a model for all clauses in S that are B-irreducible by R S .
A substitution σ is B-irreducible by R S in a clause Γ → ∆ if σ is Birreducible by R S in all equations s ≃ t (see Definition 16) occurring in Γ or ∆.
Lemma 32. Let S be a set of Horn clauses that is closed under H, such that P / ∈ S. Then R * S |= Cσ for all clauses C in S and ground substitutions σ that are B-irreducible by R S in C.
of the substitution σ in C and minimality of |C ′ | v , p must be a non-variable position of s and, hence, there is an inference by paramodulation left, and, moreover, σ is B-irreducible by R S in D (note that rσ is a term in Right (R E )) and R * S |= Dσ, which is a contradiction.
⊓ ⊔ Now, as in the equational case, by first normalizing the substitution, we can prove the main theorem.
Theorem 4 (Refutation completeness of H for Horn clauses). Let S be a set of Horn clauses that is closed under H. Then P ∈ S if, and only if, S is unsatisfiable.
Proof. The left-to-right implication is trivial. For the other one, let S be a set of clauses closed under H such that P / ∈ S. We prove that R * S is a model of S, i.e., that R * S |= Cσ for all clauses C in S and ground substitutions σ. Let σ ′ be a substitution such that xσ ′ ≡ wγ w if xσ ! RS w ·γ w . Then R S ∪{Cσ ′ } |= Cσ and, since σ ′ is B-irreducible by R S in C, by Lemma 32, we have that R * S |= Cσ ′ , which implies that R * S |= Cσ.
Conclusion
In this paper we have improved on the result of [7] , by showing that wellfoundedness of the term ordering is sufficient for completeness of (positive) ordered paramodulation for Horn clauses with equality. In [7] , orderings need not be monotone but have to be well-founded and include the subterm relation. In our result the latter requirement has been dropped, and thus equations can even be ordered from subterms to superterms as in a → f (a), in an unfolding way. This is a non-trivial extension of the previous one, since rules of the form a → f (a) necessarily cause non-termination of standard rewriting. In the completeness proof we show the confluence of a non-terminating limit rewrite system where lefthand sides may overlap, and which is applied using a restricted and terminating form of rewriting, called blocked rewriting (B-rewriting for short). Interestingly, a by-product of our results is a Knuth-Bendix completion procedure for ordered rewriting with well-founded orderings, and its completeness. We have pointed out two potential applications of our result:
-The first one is in reference to deduction modulo built-in equational theories E, since there is always a well-founded E-compatible ordering and, hence, requiring only well-foundedness allows us to consider any theory E. We hope that the shorter and easier to read proof that we have presented here can open the door to extend our completeness results to deduction modulo any theory E with a decidable E-unification problem.
-The second one concerns goal-oriented proofs. It turns out that, sometimes, a goal-oriented (ordered) paramodulation proof can only be obtained if the ordering contradicts the subterm property (see Example 2 of Section 1).
Although these potential applications are interesting, additional techniques for redundancy elimination, like simplification by rewriting, should be investigated in this framework to make the calculus useful in practice. Note that from our proof only tautology deletion is clearly possible. Subsumption is difficult to fit in our approach to the completeness of the calculus, since it greatly interferes with the proof of the so-called Return Property, which is a cornerstone of our completeness result. However, we have found no counterexample showing that subsumption can cause incompleteness. Moreover, like in [7] , similar problems concerning the use of demodulation, i.e., simplification by rewriting, arise. As a hint, note that, in order to fulfill the Return Property, one may need to include pairs of rules like
which is not compatible with demodulation, since the second one would be removed.
The problem of providing concrete redundancy notions for paramodulation with non-monotonic orderings has been addressed in [9] , where results on restricted forms of demodulation for paramodulation with well-founded orderings fulfilling the subterm property, are given. There, some examples of incompleteness when full demodulation is applied are provided. These examples, obviously also apply if only well-foundedness is required.
B-rewriting is closely related to basic strategies (see [5, 15] ), which we believe can be compatible with our results. The basicness results should be worked out using the notion of closures defined for clauses in [5] , since it coincides, at the level of clauses, with our abstracted terms (which we have used only in the proofs).
The extension of our results to full first-order clauses is not easy. The problem is that, within the model generation proof technique, the completeness for general clauses is usually based on the fact that, at most, one positive equation is satisfied in the generated (rewrite) model. Since, in our case, the ordering can contradict the subterm relation, we do not know how to obtain such a minimal model. The source of the problem is that the satisfiability of some equation in a clause C, may follow from rules that are added to the model later than when C was considered. Let us illustrate this situation with a simple example: Example 8. Let ≻ be a (total) well-founded ordering on ground terms such that g(f (a)) ≻ b ≻ g(a) ≻ f (f (a)) ≻ a ≻ f (a) and E be a set of equations that is closed under ordered paramodulation, containing since both b → g(a) and g(f (a)) → g(a) are reducible by a → f (a) at some position of their righthand side which is not below any previously known righthand side and, hence, they do not generate a rule in R E . However, b ≃ g(a) is finally fulfilled by the model, since it follows from a ≃ f (a) and g(f (a)) ≃ b, where the latter is a greater equation.
In the case of full first-order clauses, this could imply that a non-unit positive clause which has generated a rule in R E because none of its equations was satisfied at that moment, has at the end more than one equation satisfied by the final model, which breaks the standard completeness proof.
In spite of the limitations of the presented calculus, we think that this is a new important step in the theory of paramodulation, which shows the power of ordered paramodulation regardless of the properties of the ordering that is used, and leaves as the last question whether even well-foundedness is necessary.
